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Abstract. Three-dimensional motion of a slender vortex tube, embedded in an inviscid 
incompressible fluid, is investigated for the Euler equations. Using the method of matched 
asymptotic expansions in a small parameter ߳, the ratio of core radius to curvature radius, the 
velocity of a vortex tube is derived to ܱ(߳ଷ), whereby the influence of elliptical deformation 
of the core due to the self-induced strain is taken into account. Some detailed analysis is made 
of motion of a helical vortex tube. 
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1. Introduction
At a large Reynolds number, vorticity has a tendency to accumulate in thin regions owing to 
the nonlinear effect. Vortex tubes endowed with curvature moves themselves. The local self-
induced flow around the core comprises not only a uniform flow but also a straining field which 
deforms the core into an ellipse. Our purpose is to present a systematic method for calculating 
the effect of strained core on the traveling speed of a slender vortex tube, embedded in an 
inviscid incompressible fluid.  
We employ the method of matched asymptotic expansions in a small parameter ߳, the 
ratio of the core to the curvature radii, developed so far to ܱ(߳). The local self-induced 
straining field makes its appearance at ܱ(߳ଶ) and influences the traveling speed at the next 
order. We are thus required to extend asymptotic expansions to ܱ(߳ଷ).季 Fukumoto & Moffatt 
(2000) carried through a substantial part of this program for an axisymmetric problem. Dyson's 
third-order velocity formula (Dyson 1893) for an inviscid vortex ring is recovered if specialized 
to a particular distribution of vorticity. We shall demonstrate that the restriction of axisymmetry 
can be lifted. 
The outer solution is provided by the Biot-Savart law. To ܱ(߳), the vorticity is shown 
to have the tangential component only. With this distribution, the vector potential for the 
velocity field. Use of the shift-operator technique systematically produces multiple-pole 
expansions. The detail of vorticity distribution is as yet unknown, and is determined, order by 
order, by the inner expansion and the matching procedure. This is supplemented by the 
contribution from transversal components of the vorticity which arises at ܱ(߳ଶ). We point out 
that the previous theories did not concern the induced field due to di- and higher-poles. The 
inner solution is constructed by solving the Euler equations in the comoving coordinates, in the 
form of power series with respect to ߳, An analysis tells that axial flow is assumed to be absent 
at leading order, but that the variation of curvature along the centerline and torsion give rise to 
pressure gradient along the filament at ܱ(߳ଶ) which drives an axial flow at the same order. The 
third-order correction to the traveling speed is deduced by handling the dipole component in 
the flow in the orthogonal plane. 
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2. Setting of problem
In order to look into the flow field near the core, it is expedient to introduce local coordinates 
(ݔ෤,ݕ෤, ߦ) , along with local cylindrical coordinates (ݎ,߮, ߦ) such that ݔ෤ = ݎ cos ߮  and ݕ෤  =
ݎ sin ߮, moving with the filament. Here ߦ is a parameter along the central curve ࢄ of the vortex 
tube, defined so as to satisfy ࢄሶ (ߦ, ݐ) ڄ  ࢚ሶ(ߦ, ݐ)  = 0. Here a dot stands for a derivative in ݐ with 
fixing ߦ. Given a point ࢞ sufficiently close to the core, there corresponds uniquely the nearest 
point ࢄ(ߦ, ݐ) on the centerline of filament. Then ࢞ is expressed as
࢞ = ࢄ (ߦ, ݐ) +  ݎ cos ߮ ࢔ +  ݎ sin ߮ ࢈.                    (1)
The coordinates (ݎ,߮, ߦ) are converted into orthogonal ones (ݎ,ߠ, ߦ) by adjusting the origin of 
angle as
ߠ(߮, ߦ, ݐ) = ߮ –න ߬ (ݏᇱ, ݐ) dݏԢ
௦(క,௧)
௦బ
 ,                           (2)
where ݏ = ݏ(ߦ, ݐ) is the arclength along the centerline [7]. 
We define the relative velocity ࢂ =  (ݑ, ݒ,ݓ) as functions of ݎ,ߠ, ߦ and ݐ by
࢜ =  ࢄሶ (ߦ, ݐ) +  ݑࢋ௥  +  ݒࢋఏ  +  ݓ࢚,                           (3)
where ࢋ௥ and ࢋఏ are the unit vectors in the radial and azimuthal directions respectively. The 
vorticity ࣓ = ߘ ×  ࢜ is calculated through
࣓ = ߱௥ ࢋ௥  + ߱ఏࢋఏ  + ߞ࢚                                                                             (4)
=  ቊ1ݎ
߲ݓ
߲ߠ  –
1
݄ଷ
߲ݒ
߲ߦ +
ߟ
݄ଷ
 ߢݓ sin ߮– 1݄ଷ
߲ࢄሶ
߲ߦ ڄ  ࢋఏቋ ࢋ௥  
      + ቊെ߲ݓ߲ݎ +
1
݄ଷ
߲ݑ
߲ߦ  +
ߟ
݄ଷ
 ߢݓ cos ߮ + 1݄ଷ
߲ࢄሶ
߲ߦ ڄ  ࢋ௥ቋ ࢋఏ 
+ ൜1ݎ
߲
߲ݎ (ݎݒ)െ
1
ݎ
߲ݑ
߲ߠൠ  ࢚,                                                                         (5) 
where
ߟ = ฬ߲ࢄ߲ߦ ฬ ,   ݄ଷ = ߟ (1 െ ߢݎ cos ߮).                           (6)
We are concerned with a quasi-steady motion of a vortex filament. Suppose that the 
leading-order flow is circulatory motion with prescribed velocity field ݒ(଴)(ݎ) as a function 
only of ݎ. Consistently with the LIA, we may pose the following form for the perturbation 
solution in a power series in ߳ = ߪ଴/ܴ଴, the ratio of a typical core radius ߪ଴ to a typical 
curvature radius ܴ଴: 
ݑ = ߳ ݑ(ଵ) + ߳ଶ ݑ(ଶ) + ߳ଷ ݑ(ଷ)  +ڮ , 
                  ݒ =  ݒ(଴)(ݎ) + ߳ ݒ(ଵ)  + ߳ଶ ݒ(ଶ) + ߳ଷݒ(ଷ)  +ڮ , 
               ݓ = ߳ଶ ݓ(ଶ)  +  ڮ ,   ࢄሶ  =  ࢄሶ (଴)  + ߳ଶࢄሶ (ଶ)  +ڮ .                   (7) 
Inspection from (4) and (6) tells us that
߱௥ = ߳ଶ߱௥
(ଶ)  +ڮ ,      ߱ఏ =   ߳ଶ߱ఏ
(ଶ)  +ڮ,                
ߞ = ߞ(଴)(ݎ) + ߳ߞ(ଵ)  + ߳ଶߞ(ଶ) + ߳ଷߞ(ଷ)  +ڮ .                                          (8) 
To integrate the Euler equations, it is advantageous to eliminate the pressure at the 
outset and to deal exclusively with vorticity and vector potential ࡭ for the velocity: ࢜ = ߘ ×
 ࡭. Introduce a Stokes stream-function  
߰(࢞) = (1െ ߢݎ cos ߮)࡭ (࢞) ڄ  ࢚(ߦ)                                        (9)
= ߰(଴)(ݎ) + ߳߰(ଵ) + ߳ଶ߰(ଶ) + ߳ଷ߰(ଷ) .                       (10)
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3. Asymptotic development of Biot-Savart law
This section presents only a brief sketch of how to perform an asymptotic development, valid 
near the core, of the Biot-Savart law for ࡭(࢞).
The vorticity is dominated by the tangential contribution ߞ. We stipulate that |ߞ| decays 
sufficiently rapidly to zero with distance ݎ from the vortex centerline. The contribution ࡭_ צ
from ߞ is
࡭צ(࢞) =
1
4ߨම
ߞ(ݔ෤,ݕ෤)࢚(ݏ)(1െ ߢ ݔ෤)
|࢞ െ ࢄ െ ݔ෤࢔ െ  ݕ෤࢈| dݔ෤dݕ෤݀ݏ.                                        (11)
Use of a shift-operator, being adapted from Dyson's technique [5], facilitates to rewrite 
(11) in a form amenable to a multi-pole expansion as 
     ࡭צ (࢞) =
1
4ߨන dݏ ൜ඵdݔ෤dݕ෤ߞ(ݔ෤,ݕ෤)(1െ ߢݔ෤)                                                                    
× ݁ݔ݌ [– ݔ෤(࢔ ڄ ߘ)– ݕ෤(࢈ ڄ ߘ)]ൠ ࢚
(ݏ)
|࢞ െ  ࢄ(ݏ)|                     季                 (12) 
                      = 14ߨන ൜dݏඵdݔ෤dݕ෤ߞ ൬1 െ ߢݔ෤ െ ݔ෤(࢔ ڄ ߘ)– ݕ෤(࢈ ڄ ߘ)
+ 12 [ݔ෤
ଶ(࢔ ڄ ߘ)ଶ + 2 ݔ෤ݕ෤(࢔ ڄ ߘ)(࢈ ڄ ߘ) + ݕ෤ଶ (࢈ ڄ ߘ)ଶ] + ߢݔ෤ଶ (࢔ ڄ ߘ)
+ ߢݔ෤ݕ෤(࢈ ڄ ߘ) +ڮ൰ൠ ࢚
(ݏ)
|࢞ െ ࢄ(ݏ)| .                                                        (13)
We shall know from the inner expansion in the following dependence of ߞ on ߮:
ߞ(ݔ෤,ݕ෤) = ߞ଴  + ߞଵଵcos߮ + ߞଵଶ sin߮ + ߞଶଵcos2߮ +ڮ ,                               (14)
where
ߞ଴ ൎ ߞ(଴)(ݎ) + ߢଶߞመ଴
(ଶ)(ݎ),          ߞଵଵ ൎ ߢߞመଵଵ
(ଵ)(ݎ) + ߢଷߞଵଵ
(ଷ)(ݎ),                                   
ߞଵଶ ൎ ߢߞመଵଶ
(ଵ)(ݎ),                             ߞଶଵ ൎ ߢଶߞଶଵ
(ଶ)(ݎ).                                              (15)
In ߞመ௜௝
(௞), the superscript ݇ stands for order of perturbation, and ݅ labels the Fourier mode 
with ݆ = 1 and 2 being corresponding to cos݅ߠ and sin݅ߠ respectively.
Substituting (14) and (15) into (13), we get the first two terms ࡭௠ and ࡭צௗ as
࡭צ(࢞) =  ࡭௠(࢞) +  ࡭צௗ(࢞) +ڮ ,                                                           (16)
where
࡭௠(࢞) =
߁
4ߨන
࢚(ݏ)
|࢞ െ ࢄ(ݏ)| dݏ,                                                                              
࡭צௗ(࢞) = െ
1
16ߨ ቈ2ߨන ݎ
ଷߞ(଴)dݎ
ஶ
଴
቉න ߢ௦࢔+ ߢ߬࢈|࢞ െ ࢄ(ݏ)| dݏ     
 െ݀
(ଵ)
2 නdݏ [ߢ(࢔ ڄ ߘ) + ߢ
ଶ] ࢚|࢞ െ ࢄ(ݏ)|,                          (17) 
 
with
݀(ଵ) = 14ߨ  ቊቈ2ߨ න ݎ
ଶߞመଵଵ
(ଵ)dݎ
ஶ
଴
቉  – 12 ቈ2ߨන  ݎ
ଷߞ(଴)ݎdݎ
ஶ
଴
቉ቋ ,                (18)
being the strength of dipole. 
The first term ࡭௠ in (16) pertains to a flow field induced by a curved vortex line of 
infinitesimal thickness, and is called the “monopole field”. The correction term ࡭צௗ
corresponds to a part of the flow field induced by a line of dipoles, based at the vortex 
centerline, with their axes oriented in the binormal direction. The origin of dipole field is 
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attributable to the curvature effect; by bending a vortex tube, the vortex lines on the convex 
side are stretched, while those on the concave side are contracted, producing effectively a 
vortex pair [6].
The components of vorticity perpendicular to ࢚ make its appearance at ܱ(߳ଶ).
In view of (5), the second-order terms ߱௥
(ଶ) and ߱ఏ
(ଶ) are expressible as
߱௥
(ଶ) = ఍
(బ)
௩(బ)
෠߰ଵଵ
(ଵ)(ߢ௦ cos߮ + ߢ߬sin߮),          (19)
߱ఏ
(ଶ) = ݎߞ
(଴)
ݒ(଴) ൥
2
ݎ  –
ߞ(଴)
ݒ(଴)  
෠߰ଵଵ
(ଵ) + ߲
෠߰ଵଵ
(ଵ)
߲ݎ െ ݎݒ
(଴)൩  (ߢ߬cos߮ െ ߢ௦sin߮),              (20)
where ෠߰ଵଵ
(ଵ) will be determined later.
The vector potential ࡭ୄ associated with the transversal vorticity is, to ܱ(߳ଶ),
࡭ୄ(࢞) ൎ
1
4ߨන
݀ݏ
|࢞ െ  ࢄ(ݏ)| ൤ඵ(߱௥ࢋ௥  + ߱ఏࢋఏ)dݔ෤dݕ෤.൨ (21) 
Substitution from (19) and (20) yields
࡭ୄ ൎ
1
4 ቈන ݎ
ଶߞመଵଵ
(ଵ) dݎ
ஶ
଴
቉නߢ௦
(ݏ)࢔(ݏ) + ߢ(ݏ)߬(ݏ)࢈(ݏ)
|࢞ െ ࢄ(ݏ)| dݏ , (22)
the dipole field originating from the transversal vorticity. Collecting (17) and (22), we have
࡭ ൎ ߁4ߨන
࢚
|࢞ െ  ࢄ|  dݏ െ
݀(ଵ)
2 න  ߢ࢈ ×
࢞ െ ࢄ
|࢞ െ ࢄ|ଷ  dݏ. (23)     
The contributions from the monopole field, the first term, and the dipole field the second 
term, takes tidy forms. 
So far only the monopole field has attracted attention, but the dipole field has gone 
unnoticed. Fukumoto& Okulov (2005) considered the latter for the induced velocity by a 
helical vortex tube, but its influence on the motion of three-dimensional vortex tube has not 
been considered, except for the vortex ring and for the localized induction approximation 
(Fukumoto 2002). In order to gain the vorticity field, we are requested to obtain the inner 
solution, with the inner limit of the outer solution (23) as the matching condition. 
4. Inner solution and motion of a vortex tube
The inner solution is addressed by solving the Euler equations in the moving coordinates. We
introduce the dimensionless variables, we write down dimensionless form of the Euler
equations and their curl, viewed from the moving coordinates (r, Ʌ , Ɍ ), along with the
subsidiary relation that links ɗ to Ƀ.
The solution at ܱ(߳) is well known (Callegari & Ting 1978). We then make headway 
to third order. 
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